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A Measure of Subgroup Diversity 
\VrLmm &CHARD STARK* 
R. I-l. Scumann [2] has shown that thcrc exist 2N isomorphism types of finiteI> 
generated groups. Consequently, the smallest universal embedding group for the 
finitely generated groups is of cardinality 2N. This suggests the following 
measure: A collection ,Q of countable groups will be said to contain only a Jeua 
groups if there exists a countable embedding group for the members of Q. In 
general, a collection B, of groups of cardinality K (K is an infinite cardinal), is 
said to contain only a few groups if there is a fixed group of cardinality K into 
which every member of Q embeds. h collection of a few finitely generated 
groups will always be countable (if we count isomorphism types). However, a 
collection of a few countable groups may be uncountable, so our measure is not 
the same as cardinality. A group 9 contains a few subgroups of type 0 if the 
collection of subgroups of Y satisfying 0 contains only a few groups. To avoid 
trivialities, we will assume that 9 is uncountable. 
The proof of our theorem uses a procedure similar to that used in the construc- 
tion of algebraically closed groups. To prepare for this we review the relevant 
definitions. Given a nonvoid partial ordering (P, C), a subset I1 of P is cierlse 
if every p in P has an extension p in D. It is easy to see that for any countable 
collection IL) of dense sets, (P, C) contains an ideal which intersects each of the 
sets in D. (Given elements n, ,..., u,, of a group G, we will use :ul ,..., a,) to 
denote the subgroup of G generated by the given elements. We will say that a 
group G is ultrahomogeneous if whenever n, ,. , a, , nrrtl , b, , .., h, are elements 
of G, such that CI~ --f b, ,..., a,, ---f b,L generates an isomorphism between [Ok (.. , ~,~j 
and {b, , ., O,,:, then there exists a bntl such that n, i 1 ---f b,+l extends the isomor- 
phism to take [ul ,..., a, +3 onto {b, ,..., b, i-1:. 
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THEOREM. If the group B contains on& a few finitely gene-rated subgroups then 
it contains only a few countably generated subgroups. 
Proof. Assume that G, is the countable embedding group for the finitely 
generated subgroups of 9. Let H1, Hz, H3 ,..., H”” ,... be the finitely generated 
subgroups of G, and denote by hint the ith element of H”. Let C = {c,?~ 1 rn, 
z > 01 be a set of constants and E be the set of all groups K on C, such that 
con is the identity and for each m > 1, hinL + c;lrL is an embedding of H”” into K. 
Xote that there is no embedding condition on the constants cio and that collapsing, 
cilll := CJ for rlz f II is allowed. 
Let ./; be the set of all equalities and inequalities between terms built up from 
variables r’i (i = 1, 2,...) by the group product . . A0 is the set of all variable-free 
sentences +(a, ,..., a,) obtained by substituting constants a, ,..., a,, of C into 
the formula $(z+ ,..., v,) of A together with all sentences of the form ((a,,..., a,) - 
(b, >..., 6,)) and their negations. The equivalence N is used between n-tuples of 
constants from C. We define ((al ,..., a,) N (b, ,..., b,)) to be true in a group K, if 
there is an isomorphism between the subgroups (a, ,..., a,) and {b, ,..., b,} of K 
which takes a, to bi for i = 1, 2 ,..., n. Notice that ((al ,..., a,) -(b, ,..., b,)) 
holds in K, if and only if for every formula$(a, ,..., v,) of A either both v(a, ,..., a,) 
and +(b, ,..., 6,) hold in K or else +(a1 ,..., a,) and +(b, ,..., b,) both hold 
in A-. 
Let P be the collection of all finite sets p of A0-sentences, such that there 
exists a group K in E in which every sentence of p is true. Using set containment, 
we get the poset (P, C). 
The following sets are easily seen to be dense in (P, C). For a, b in C : D,,, := 
[p E P ~ for some c, c’, c” in C, p contains (a * b = c), (a . c’ = b), and (c” a == b)j. 
For a, ,..., a, , b, ,..., b, in C : 0:::::;: = {p c P 1 either ((al ,..., a,) - (6, ,..., 6,)) 
is in p or else p contains -,((a1 ,..., a,) -(b, ,..,, b,)), and for some equation 
e(q ,..., I;?~) in A, p contains one of 8(a, ,..., a,), B(b, ,..., 6,) and the negation of 
the other). Finally, for a, ,..., a, , a,,, , b, ,..., b, in C : Dg::::,anan+* = (p E P / 
either p contains ?((a1 ,..., a,) N (b, ,..., b,)) or else there is “a b,+l such that 
((al ,..., a,,AI) - (6, ,..., b,+d) is inpI. 
Let I be an ideal in (P, C) which intersects each of the dense sets just defined. 
u I is a theory in A0 which-because it intersects each D,,,-defines a group G, . 
Specifically, for each a, b in C there is a c in C such that (a . b = c) is in u I. The 
product just defined on C inherits all of the properties of a group product from 
the fact that every finite subset of U I is in P and is therefore true in some group 
K of E. In fact, every H”’ embeds in the cjm, i = 0, 1, 2 ,..., part of G, . G, E E. 
G, is ultrahomogeneous. If ((al ,..., a,) N (6, ,..., 6,)) is true in G, then its 
negation does not appear in u I. Since I intersects D~::::~~““+l for each a,,, , 
there must exist a b,+l such that ((al ,..., a, , a,,,) -(b, ,..., b, , b,,,)) is in 
u I and is therefore true in G, . 
Let J = j. ,j, ,j, ,... be a countably generated subgroup of 9. For each 
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m, J”“, the subgroup of J generated by the first tiz elements of J, is isomorphic to 
some H’“. Let P be an embedding of J” into G, . Denote I”” byjinh. These 
finitely generated subgroups of J embed onto the subgroups (j,“l,...,j,,l”‘} of G, . 
Notice that for every m < n, ((jfl,..., jnzWl) - (j,n ,..., jmn)) holds in G, . Let 
g, = joo, then, given go ,..., c nl e such that ((go ,..., g,,,) - (jr+l,..., jE+‘)), define 
g ,,1+1 to be the first element of G, , such that ((go ,..., g,, , g,,&+r) - (jr+‘,...,j:z:;:)). 
Having defined go , g, , g, ,..., it follows immediately that the mapping ji ----z gi is 
an embedding of J into G, . 
Every countably generated subgroup J of 9 embeds into G, . C! contains 
only a few countably generated subgroups. 
COROLLARY. If 3 is locally finite, then 3 has odv a few countably generated 
subgroups. 
Accepting the continuum hypothesis, this theorem m’ay be expressed, “If Y 
has a few finitely generated subgroups then it has only a few subgroups of car- 
dinality less than 2*.” Is this statement independent of ZFC? Is this statement 
provable in ZFC + Martin’s axiom ? We conjectuxe the answer “yes” for each 
of these questions. 
Rose and Woodrow [3] show that when 5 is locally finite then G, is saturated 
and is consequnetly unique up to isomorphism. !g uniquely determines both its 
own elementary theory T and the elementary theory T’ of G, . Is there a relation- 
ship between T and T’ ? This interesting question was raised by the referee. 
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